Available online at www.sciencedirect.com

: i "‘H
ScienceDirect JURNE

European Journal of Mechanics B/Fluids 26 (2007) 1-14

Transitional regimes and rotation effects in Rayleigh—Bénard
convection in a slender cylindrical cell

P. Oresta?, G. Stringano °, R. Verzicco **

& Politecnico di Bari, DIASS Viale del Turismo 8, 74100, Taranto, Italy
b politecnico di Bari, DIMeG and CEMeC, Via Re David 200, 70125, Bari, Italy

Received 7 April 2005; received in revised form 10 November 2005; accepted 20 April 2006
Available online 8 September 2006

Abstract

In this paper we analyze transitional regimes and mean flow structures for the thermally driven convective flow in a cylindrical
cell of aspect-ratio (diameter over cell height) I" = 1/2. The investigation is carried out through the numerical integration of
the three-dimensional unsteady Navier—Stokes equations with the Boussinesq approximation. In particular the critical Rayleigh
numbers for the onset of convection, for the unsteady, chaotic and turbulent regimes are computed for two values of the Prandtl
number and comparisons with cylindrical cells of larger aspect-ratio are performed. The effect of the background rotation on the
flow dynamics is also described showing that the heat transfer increase, already evidenced in the literature, is only obtained for a
range of rotation rates. The rotation can enhance or inhibit the heat transfer and, at low Rayleigh numbers, it is a very effective way
to inhibit vertical motions and to prevent horizontal thermal gradients. This is highly desirable in solidification and crystal growth
processes where thermally induced motions cause material defects and crystal inhomogeneities.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Thermal convection is the flow developing when a fluid layer, vertically confined by horizontal plates, is heated
from below and cooled from above. The fluid thermal expansion, in fact, produces an unstable density gradient which,
if strong enough, generates a flow motion [1,2]; depending on the fluid layer depth 4, the temperature difference A
and the fluid properties «, v and k, respectively the thermal expansion coefficient, kinematic viscosity and thermal
diffusivity, the resulting flow can be steady, unsteady, chaotic or turbulent. These regimes are mainly selected by two
dimensionless control parameters the Rayleigh number Ra = ga Ah3 /(vk) and the Prandtl number Pr = v/k, g being
the acceleration of gravity.

In the last decade, research in thermal convection has focused on the high Rayleigh number turbulent regime since
it characterizes countless geophysical and industrial problems. In the literature there is a wealth of recent [3] and
not so recent [4,5] theories which aim at explaining the flow behaviour in strongly turbulent conditions and this has
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further oriented laboratory experiments in this direction. Among the various possibilities cylindrical cells of small
aspect ratio I (cell diameter over height) have become very popular since their realization is relatively simple and, at
the same time, they can cope without deforming with the hydrostatic forces exerted by the fluid on the side wall. This
is particularly true for the recent cryogenic helium experiments where huge pressure changes are needed in order to
obtain large Rayleigh number variations within the same set-up (see for example Chavanne et al. [6]).

To date the highest Rayleigh number experiments are those by Niemela et al. [7] and Chavanne et al. [6], respec-
tively Ra = 10'7 and Ra = 10", both using cryogenic helium as working fluid (Pr 2~ 0.7) and a cylindrical cell of
aspect-ratio I" = 1/2. These experiments, in turn, have inspired the simulations by Verzicco and Camussi [8] and
Amati et al. [9] that in the same geometry have reached Ra =2 x 10!! and Ra = 2 x 10'*. The numerical simulations
have shown that around Ra 2 10'0 the mean flow might undergo a transition and, even if before and after this transi-
tion the flow is fully turbulent several mean flow features are different; this mean flow instability was noticed by Wu
and Libchaber [10] who refer that ‘in the I" = 1/2 cell the large-scale velocity switches direction from time to time’
and recently confirmed also by the experiments of Roche et al. [11] who found a bimodal state for the mean flow. It
should be stressed, however, that all the above experiments and numerical simulations were at Pr = (.7 while recent
experiments performed in the same geometry but in water (Pr >~ 5) did not observe any transition and the mean flow
consisted only of a stable single roll completely filling the cell [12].

The observed flow dynamics seem to suggest that, at least for a Prandtl number of the order of unity, the early
turbulent stage, often referred to as ‘soft turbulence’ is affected by the previous regimes which unfortunately have
not been studied in detail since experiments have mainly focused their attention on high Rayleigh number flows. One
of the aims of this paper is therefore to fill this gap by a detailed numerical study of the flow regimes preceding
turbulence. This is of particular importance when considering that the critical Rayleigh numbers for the onset of
convection Rac, for the unsteady regime Ray and the transition to turbulence Rar depend also on the cell aspect
ratio I' and comparisons among different cell geometries are often performed in terms of Ra/Rac, Ra/Ray and
Ra/Rar.

In this work we will consider also the effect of a background rotation (with the rotation vector aligned with the
gravity) on the mean flow structure. This topic has been already covered by theoretical [13], experimental [14—18]
and numerical [19] owing to its relevance to geophysical problems. A relevant common finding is that the effects of
rotation produce an increase of the heat transfer through the Ekman pumping which forces vertical currents in the core
of cyclonic vortex columns. We have shown, however, that this phenomenon might not be present at low Rayleigh
numbers when rotation effects make the flow subcritical and convection is suppressed. The reason for performing this
further analysis is that in some problems of solidification of melted materials the desired final geometry is a slender
cylindrical sample and the presence of residual convective motion in the melted phase produces inhomogeneous
temperature distributions which, in turn, cause material defects in the solid phase. We show in this paper that the
background rotation can be an effective way to inhibit the vertical motion and to establish a purely vertical thermal
stratification.

The paper is organized as follows: in the next section a description of the problem and of the numerical method is
given while Section 3 contains the results. The flow without rotation is described in Subsection 3.1 while the effects
of rotation are discussed in Section 3.2. The paper closes with some closing remarks and recommendations for future
work.

2. The problem

The flow investigated in this paper is that developing in a cylindrical cell of aspect ratio I = 1/2 heated from
below and cooled from above with an adiabatic side wall; all the cell surfaces are no—slip. The cell can rotate about
the vertical axis with a constant angular velocity 2 and the flow arrangement is summarized in Fig. 1

The flow is solved by numerically integrating the three-dimensional unsteady Navier—Stokes equations with the
Boussinesq approximation:

LIPS i 1/2v2 L, V.ou=0
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Fig. 1. Sketch of the cell.

with X the unity vector pointing in the opposite direction with respect to gravity, u the velocity vector, p the pressure
(separated from its hydrostatic contribution), 6 the non-dimensional temperature and Ro = U/(252h) is the Rossby
number with §2 the magnitude of the rotation vector anti-parallel to the gravity vector. The equations have been
made non-dimensional using the free-fall velocity U = /ga Ah, the distance between hot and cold plates 4 and their
temperature difference A = T, — T¢, being T, and T, respectively the temperatures of the lower hot and upper cold
plates. The non-dimensional temperature 6 is defined 6 = (T — T,.)/A and its range is 0 < 6 < 1.

The equations have been written in a cylindrical coordinate frame and discretized on a staggered mesh by central
second-order accurate finite-difference approximations; the resulting discretized system is solved by a fractional-step
procedure with the elliptic equation inverted using trigonometric expansions in the azimuthal direction and a direct
solver for the other two directions. The time advancement of the solution is obtained by a hybrid low-storage third-
order Runge—Kutta scheme. The numerical method is the same as that described in Verzicco and Camussi [8] where
further details of the numerical procedure can be found.

The computational domain has been discretized, depending on the Rayleigh and Prandtl numbers, with meshes
containing up to 97 x 49 x 193 gridpoints, respectively in the azimuthal, radial and vertical directions (the finest
grid was used only for the simulations in the rotating regime at Ra = 2 x 108 of Section 3.2). It is worth mentioning,
however, that since most of the simulations of this paper are carried out at Pr = 0.7 and Ra < 10° the spatial resolution
is not an issue; in fact, according to Belmonte, Tilgner and Libchaber [20] if the thickness of the thermal boundary
layer is estimated as Lg >~ h/(2Nu), with Nusselt numbers of the order of ten, it results 1y >~ 5%h. Using a tanh-like
stretching function as in Verzicco and Camussi [8] it is possible to cluster ten nodes within each thermal boundary
layer while keeping the total number of nodes in the vertical direction below 80. In addition, since for this flow
configuration the viscous boundary layer is thicker than the viscous one [8] the latter is even better resolved.

The non-dimensional time step size was dynamically adjusted in order to maintain the CFL = At max(|u|/5)
stability parameter below 1.2, |u| and § are velocity magnitude and computational cell size. Note that this threshold
is largely conservative since the low-storage third order Runge—Kutta integration scheme is stable up to CFL = +/3
and, with the help of the viscous terms, simulations at CFL = 2 are easily run. Regardless the stability limit the time
step size was kept always below Af = 0.02 so that a minimum of a hundred time steps were needed to advance
one large-eddy turnover time (= 2h/U). It is worth mentioning that immediately after the onset of convection a
large scale flow is produced therefore the concept of large-eddy turnover time can be applied also for the transitional
regimes. Nevertheless even when the mean flow breaks into smaller structures the large-eddy turnover time still is the
longest convective time scale that can be supported by the flow thus yielding a conservative estimate of the slowest
phenomena.

Both the spatial discretization and the time-step size have been verified against the criteria given by Grotzbach [21]
and the numerical simulations by Verzicco and Camussi [8]. More in particular the above grid, combined with a non-
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uniform mesh in the radial and vertical directions, assured that a minimum of 8 nodes were clustered within each
thermal boundary layer while the viscous boundary layer, being thicker, was even more resolved. As a further check
the case at Pr = 0.7 and Ra = 9 x 107 initially run on a grid with 49 x 33 x 129 points has been repeated using
65 x 49 x 193 points obtaining, respectively, Nu = 9.20 & 0.18 and Nu = 9.24 £+ 0.23 with the first and the second
grid; this is not surprising upon considering that the grid 65 x 49 x 193 has more points than that used by Verzicco
and Camussi [8] for the computation of the flow at Ra =2 x 10°.

Every simulation has been started from rest in order to avoid hysteresis phenomena which are common in the
chaotic regimes; in particular all the velocity components were set equal to zero and over a linear (purely conductive)
temperature profile it was superimposed a random perturbation of maximum amplitude A8 pdom = 0.02.

One of the main quantities used to monitor the flow dynamics is the Nusselt number which is the heat flux
transferred between the plates normalized by its purely conductive value (the value in absence of fluid motion). In
non-dimensional variables one can write Nu = 1 4+ «/Ra Pr(u,0) [22] where the angular brackets indicate average
over time and over the whole fluid layer. The Nusselt number can also be evaluated by computing directly the mean
heat flux at the hot and cold plates Nu = 96 /9dx|,, where |,, indicates that the derivative is evaluated at the wall and
the overbar implies an average in time and over the plate surface. The latter definition requires an adequate spatial
resolution of the thermal boundary layer while the former expression needs a correct estimation of the fluctuations
in the bulk in order to evaluate the correlation u,6. The comparison of the Nusselt numbers obtained by different
definitions can therefore be used as a cross check for the adequacy of the resolution close to the plates and in the bulk.

3. Results
3.1. Flow without background rotation

Following Rayleigh [2] the flow starts moving owing to buoyancy only if the Rayleigh number exceeds a threshold
value known as critical Rayleigh number Rac. This parameter is independent of the Prandtl number but depends on
the cell aspect-ratio I”, on its shape (cubic, cylindrical, etc.) and on the wall boundary conditions (no-slip or free-
slip for the velocity, constant temperature or constant heat flux for the temperature). Linear stability analyses have
been performed for any combination of boundary conditions for horizontally infinite domains (see [13]) while less is
known for the confined configurations and in particular for cylindrical geometries. Further, for cylindrical cells there
is the additional issue of identifying the most unstable mean flow structure since despite the axisymmetric geometry
the large-scale flow might not have the same symmetry. This is the case of the cylindrical I" = 1 cell and, as shown
by Verzicco and Camussi [23] if the flow axial symmetry is enforced the onset of convection can be delayed up to
Ra = 11300 in contrast to Rac = 3750 that is the critical Rayleigh number for the full three-dimensional flow.

Following that paper in the present study the flow was left free to develop three-dimensional structures and the
value of Rac has been obtained from the neutral stability of the most unstable kinetic energy azimuthal Fourier mode.
Namely, given the cylindrical geometry it is possible to decompose the velocity field u(r, 6, z, t) into azimuthal Fourier
modes u(r, n, x, t) which, after integration in the meridional r — x plane yield the azimuthal kinetic energy mode

R h
En(t)=7'r//ﬁ(r,n,x,t)ﬁ*(r,n,x,t)drdx
0 0

(@* is the complex conjugate of ). A plot of the time evolution for these modes is given in Fig. 2(a) where it is evident
that in the I" = 1/2 cell the n = 1 mode is the most unstable, it grows exponentially until saturation and the other
modes, including the axisymmetric n = 0, grow only afterward owing to non-linear interaction.

Depending on the Rayleigh number the n = 1 mode growth rate is positive (Ra > Rac) or negative (Ra < Rac)
and in the latter case any fluid motion is damped. The value of Ra which gives a neutral n = 1 mode gives the critical
Rayleigh number and according to Fig. 2(b) it results Rac = 2.35 x 10*. Note that the value of Rac was obtained from
Fig. 2(b) by linearly interpolating on the growth rates of the most unstable (n = 1) mode. This value is in reasonable
agreement with Charlson and Sani [24] which by a linear stability analysis predict Rac 2~ 25000. An additional result
of that analysis is that for the aspect ratio I" = 1/2 the most unstable structure is not axisymmetric but it rather consists
of a single roll, completely filling the cell. The theory further predicts that the single large roll shows up at the onset
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Fig. 2. Time evolution of kinetic energy azimuthal modes for the I" = 1/2 cell at Pr = 0.7: (a) modes from n =0 ton =5 at Ra =3 x 104,
(b) mode n =1 at different Rayleigh numbers.

(2) (b)

Fig. 3. Vorticity magnitude in the meridional planes 8 =0 and 8 =7 /2 at Ra/Rac =1.025 and Pr=0.7; (a) I' =2, (b) I' =1.5. (Aw=0.2.)

of convection in cylindrical cells up to I" < 1.62 and only for larger aspect ratios the onset of convection produces an
axisymmetric flow.

This has been verified by direct numerical inspection as shown in Fig. 3. In particular, numerical simulations have
been performed at the fixed ratio Ra/Rac = 1.025 for several aspect ratios I” indeed obtaining a single large roll for
I' < 1.6 and an axisymmetric flow for larger cells. It should be stressed, however, that even in the largest cell (1" =2)
if the single roll is initially enforced by ad hoc perturbations this is sustained in the developed flow. In addition, at
least for I" < 2, regardless of the initial conditions, a single large structure always emerged for ratios Ra/Rac large
enough to produce an unsteady flow.

We note, on the side, that in many papers the critical Rayleigh number is defined as the value at which the Nusselt
number departs from the purely conductive value Nu = 1. At the onset of convection, however, the difference Nu — 1
is proportional to Ra — Rac and the former vanishes as Ra approaches Rac; this makes difficult to distinguish, when
Ra — Rac, a truly deviation of the Nusselt number from unity and unavoidable round-off errors. In contrast, the
growth rate of the most unstable mode n = 1, around Rac, switches sign from negative to positive values and the
zero-crossing makes the identification of the critical value unambiguous.

As the Rayleigh number is augmented with respect to the critical value the flow maintains steady with the Nusselt
number progressively departing from unity and the flow velocity increasing as (Ra — Rac)'/?. This velocity increase,
in turn, causes the increase of the non-linear terms that eventually exceed the viscous ones thus leading to the flow
unsteadiness [25]. The transition from the steady to the unsteady regime identifies another critical Rayleigh number
Ray which can be defined as the minimum value of Ra for the flow to develop non-decaying oscillations. The value
of Ray, however, depends on the Prandtl number and the reason is easily understood upon considering that the flow
Reynolds number is proportional to (Ra/Pr)'/? (see Eq. (1)). If the onset of unsteady flows is given by the balance
between viscous and convective terms the Reynolds number must be clearly the control parameter and the smaller the
Prandtl number the smaller the Ray at which the unsteady transition occurs. In Fig. 5 the time evolution of the energy
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Fig. 4. (a) Maximum vertical velocity uy vs Ra — Rac at Pr= 0.7 (the dashed line is the 1/2 slope). (b) Nusselt number vs Rayleigh number at
Pr=0.7 (the last two turbulent values B are from Verzicco and Camussi [8]).
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Fig. 5. Time history of E{(¢) at Pr = 0.7 and different Rayleigh numbers: (a) Ra = 5.5 x 105, (b) Ra = 5.6 x 10°, (¢) Ra = 6.5 x 10°,
(d)Ra=7.5x 10°.

mode E1(¢) is reported at Pr = 0.7 showing different flow behaviours for increasing Rayleigh numbers. It is worth
noting that the identification of Ray is more involved than Rac since the presence of an oscillatory flow behaviour
alone does not guarantee the onset of the time periodic regime. In fact at = 0 the fluid is at rest and a perturbation is
applied on the temperature field; since this is not a stable configuration the flow relaxes to a proper equilibrium state
according to its own dynamics. If the Rayleigh number is Rac < Ra < Ray the relaxation can occur with oscillations
even if the asymptotic state is steady; the relaxation time is longer the closer Ra is to Ray implying that around Ray
simulations must be carried out for thousands of large-eddy-turnover times in order to be able to distinguish between
slowly damped from sustained oscillations.
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Fig. 6. The same as Fig. 5 for the frequency spectrum of E (t).

This is certainly the case of Fig. 5(a) showing the time history of E1(¢) at Ra = 5.5 x 10°; when observed on a short
time window (order of 100 time units) the flow seems to oscillate sinusoidally while in the long term the oscillations
decay exponentially. We wish to stress that this behaviour cannot be ascribed to an initial transient since the duration
of the simulation is considerably longer than any diffusion time that, based on the kinematic viscosity v or the thermal
diffusivity k is, respectively, T\, = «/Ra/Pr >~ 886 or Ty = +/Ra Pr >~ 620 time units. This implies that the continuous
decreasing amplitude of the oscillations is the secular trend of the flow that eventually will attain a steady state. The
case at Ra = 5.6 x 10° displays a different behaviour since it has an initial transient with the oscillation amplitude
diverging exponentially until saturation followed by a periodic oscillation with constant amplitude. This could be
assumed as the beginning of the unsteady regime although it could be argued that in between Ra = 5.5 x 10° and
5.6 x 10° there is a Rayleigh number at which the flow oscillates since the beginning of the evolution which can be
thought of as either a limiting case of vanishing damping (Fig. 5(a)) or vanishing amplification (Fig. 5(b)). Although
the precise pinpointing of Ray would be possible by carrying out additional time consuming numerical simulation,
this would be a result with little practical interest since, on account of the 1.8% difference between Ra = 5.5 x 10°
and 5.6 x 107, it is unlikely that such an ‘exact’ value would be reproduced by any other experiment or simulation.

Figs. 6(a), (b) show the spectra of the signals of Figs. 5(a), (b) (the latter is computed only over the constant
amplitude time window while the former over the whole time extent. This produces a low frequency component
which is evident at the origin f = 0) where it is evident that already at Rz = 5.6 x 10° the signal does not contain a
single frequency. In fact the spectrum evidences the main harmonic with three additional peaks whose frequency is an
integer multiple of the main one. In agreement with Verzicco and Camussi [23] the main peak frequency is produced
by the meridional oscillation of the large scale recirculation while the harmonics are due to the azimuthal tilting of the
same structure.

As the Rayleigh number is further increased additional high frequency peaks develop (Fig. 6(c)) and their non-
linear interaction, in turn, produces further peaks which become denser in the frequency space and eventually lead
to a continuous spectrum. As shown in Fig. 6(d) this is already evident at Ra = 7.5 x 107 although it is only for
9 x 10° < Ra < 10° that not only the temporal evolution but also the spatial distribution of the flow scales indicates
the beginning of the transition to turbulence. Indirect evidence of this regime is given by Fig. 4(b) showing that,



8 P. Oresta et al. / European Journal of Mechanics B/Fluids 26 (2007) 1-14

starting from Rar ~ 10° the Nu vs Ra relation follows a power law. Indeed Fig. 4(b) shows only two points within the
turbulent regime and it might be questionable if beyond Rar the Nusselt number really follows a power law. It must
be noted, however, that the Nu values for Ra > 100 are the data from Verzicco and Camussi [8] were simulations are
conducted up to Ra =2 x 10'! and power laws can be estimated without uncertainties.

It is worth mentioning that the dynamics evidenced by Figs. 5 and 6 have several analogies and differences with the
scenario proposed by Verzicco and Camussi [26] for the I" = 1 cylindrical cell. In particular, in that wider cell the onset
of the unsteady regime was characterized by a pure single-frequency oscillation and the transition to chaos occurred
following the period doubling mechanism with the generation of the multiple frequencies (2f, 3 f, ...) accompanied
by the sub-harmonics ( f/2,3f/2,...). In the present I" = 1/2 cell, in contrast, the onset of the unsteady convection
is already characterized by multiple frequency oscillations and the spectra are progressively filled only by multiple
harmonics produced via non-linear interactions without evidence of sub-harmonics up to the transition to turbulence.
Considering that the non-linear interaction between the frequencies m and n leads to the frequencies (m + n)/2 and
(m —n)/2 the absence of sub-harmonics in the spectra of Fig. 6 clearly indicates that the steady component of the flow
(the part with zero-frequency) is too weak to interact non-linearly with any other frequency. This is better understood
upon considering that the equation for the evolution of the amplitude A ;14,2 of the mode with frequency (m +n)/2
has a source term A,,; A,, in which, if (m 4 n)/2 is a subharmonic of m or n, either m or n are zero. The absence of
any sub-harmonic in the spectra of Fig. 6 can therefore be taken as an indication of the negligible value of the source
term A, A, which in turn implies the vanishing nature of the zero frequency (time constant) mode of amplitude Ag.

A similar analysis as that of Figs. 5 and 6 has been performed for the same geometry but at Pr = 0.022 instead
of Pr=0.7. We have observed the same dynamics as at Pr = 0.7 even if, consistently with the role of the Prandtl
number, we have found Ray = 4.5 x 10* and Rar ~ 7.5 x 10* at Pr=0.022 (to be compared with Ray = 5.6 x 10°
and Rar ~ 10° at Pr=0.7).

Additional important differences between the I" = 1 and the present I" = 0.5 cylindrical cell is in the mean flow
dynamics that has recently gained interest owing to questions related to ‘wind reversals’. In particular, it has been
observed (see [27] among many others) that in the I” = 1 cell, superimposed to the background turbulence, there is a
large-scale recirculating motion often referred to as ‘mean wind’. This wind sweeps the horizontal plates producing
viscous and thermal boundary layers and therefore influencing the heat transfer. The experimental evidence is that
this large-scale roll is generated since the onset of convection and it persists at least for several decades of Ra and Pr;
the roll maintains a fixed orientation for hundreds of large-eddy-turnover times although, if the Rayleigh number
is large enough, it experiences sudden irregular reversals, in a time of the order of one large-eddy-turnover time,
whose statistics were analyzed in detail by Sreenivasan, Bershadskii and Niemela [28]. The same study, however
also showed that at Pr = 0.7 the ‘reversal factor’ y (the ratio of the time the wind is in one direction over the time
it is in the opposite direction) was of the order of unity only at Ra ~ 10'! while at Ra ~ 108 it was y & 100; this
implies that for the low values of the Rayleigh number (< 10°) analyzed in the present study wind reversals should
not be observed. This was indeed verified by running few numerical simulation in a I" = 1 cylindrical cell at Pr = 0.7
and Ra < 3 x 10° = 80Rac and monitoring the time history of the vertical velocity signal sampled over diametrical
opposite positions. A typical record is given in Fig. 7(a) with the structure of the mean flow in vertical and horizontal
cross sections in Fig. 8.

The same analysis carried out on the I" = 0.5 cell gave the unexpected result of Fig. 7(b) already at Ra =
9 x 10° = 38.2Rac showing reversal-like velocity histories. Taking advantage of the data accessibility of the nu-
merical simulation we were able to investigate the three-dimensional flow structure during one reversal-like event in
order to understand the real flow dynamics. Some results are shown in Figs. 9—-11 where it is evident that more than a
reversal of the large scale roll is a temporary break-up of the large recirculation into two unity aspect-ratio rolls that
immediately merge to reform a single structure with a different orientation. This result is particularly interesting since
Verzicco and Camussi [8] who analyzed the same configuration at 2 x 10° < Ra < 2 x 10'! observed that the domi-
nant structure of the mean flow was a singe large scale roll for Ra < 10'? and two unity aspect ratio rolls otherwise. In
that case, however the large computational time required by the high Rayleigh number cases did not allow for a long
time integration and it was not clear therefore if the observed mean flow configurations were the only stable structures
or if rather there were two possible states whose relative probability changed with the Rayleigh number. According to
the present numerical evidence and the papers by Roche et al. [11] and Verzicco and Camussi [8] the second scenario
seems more likely to occur. In particular, the two possible mean flow structures are a single slender recirculation com-
pletely filling the cell or two counter-rotating unity aspect ratio rolls; for Pr = 0.7 the first status is the most probable



P. Oresta et al. / European Journal of Mechanics B/Fluids 26 (2007) 1-14 9

0.4

0 1000 t 2000 3000 0 1000 t 2000 3000

(@) (b)
Fig. 7. Time histories of pointwise samples of vertical velocity. —— and - - - - lines are for diametrically opposite sampling points. (a) I" =1,

Ra=3 x 10 and Pr=0.7, probesat x/h=0.5andr/h=0.4.(b) ' =0.5,Ra=9 x 10% and Pr=0.7, probes at x/h =0.25and r/h =0.2.

(@ (b)
Fig. 8. Instantaneous horizontal and vertical sections of vertical velocity and temperature at Ra = 3 x 105 and Pr=0.7 in the I" = 1 cell. (a) Hor-
izontal section of vertical velocity halfway between the plates —— positive, - - - - negative values. Au = £0.05. (b) Vertical section of vertical
velocity, contours as in (a). (c) Vertical section of temperature - - - - 0 < 6 < 0.5, —— 0.5 < 8 < 1 thick ——- fort # = 0.5. (A6 =0.05.)

(©)

Fig. 9. Instantaneous horizontal sections of vertical velocity halfway between the plates at Ra = 9 x 10°, Pr=07and I' =1 /2: (a) t = 1700,
(b) t = 1800, (c) t = 1900. - positive, - - - - negative values. (Au = £0.05.)

at Ra < 10'° while the second prevails at larger Rayleigh numbers. For Ra ~ O(10'°) the two structures have similar
probability to occur and this brings to the bimodal status and the scattering of the measurements evidenced by Roche
et al. [11]. The mean flow break-up from a single recirculation into two counter-rotating unity aspect ratio cells was
recently investigated by Stringano and Verzicco [29]; they found that these transitions are a peculiarity of the I" = 1/2
cell and can be explained by comparing the different time scales of the plumes and large scale flow depending on Ra
and Pr.
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a) b) c)

Fig. 10. The same as Fig. 9 for vertical meridional sections. Ra =9 x 10°, Pr=07and I" = 1/2.

a) b) c)

2) w2

Fig. 11. The same as Fig. 10 for temperature: - - - - 0 < 0 < 0.5, ——- 0.5 < 0 < 1 thick ——- fort 6 = 0.5. (A6 =0.05.)

3.2. Flow with background rotation

In this section we want to describe the changes produced in the flow dynamics by a background rotation. According
to Eqgs. (1) an additional control parameter, the Rossby number Ro, comes into play and this alters the scenario
described in the previous section. The new emerging dynamics is better understood if one recalls the Taylor—Proudman
theorem stating that in a fluid rotating around the vector £2k, if the rotation is fast enough, it results k - Vu =0 or
du;/0k = 0 [30]. It implies that if the rotation is dominant with respect to a typical flow velocity, in other words if the
Rossby number Ro = U/(2§2h) is small, the rotation counters the velocity gradients in the direction of the rotation
vector and any variation in that direction tends to be suppressed. Note however that this does not necessarily imply that
the flow must remain two-dimensional because even if the gradients along k are inhibited a constant velocity aligned
with the rotation vector is allowed by the Taylor—Proudman theorem. Constant ascending and descending currents have
in fact been observed within the core of columnar vortices that organize themselves cyclonically on account of the
conservation of angular momentum (when the fluid is radially drained into the columns at the horizontal boundaries)
[17-19]. These currents reconnect at the horizontal hot and cold plates within the Ekman layer that, via its pumping,
forces the vertical motions. There is general agreement on the efficiency of this mechanism in extracting heat from
the plates and the overall effect is a slight increase of the Nusselt number observed by Rossby [14] and confirmed
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Fig. 12. Nusselt number versus Rossby number at Pr=0.7ina I" = 1/2 cell. (a) Ra =2 x 108, (b) Ra=9x 10°. The dashed lines are, respectively,
Nu=41.32 and Nu = 9.2 in figures (a) and (b) which are the Nusselt numbers obtained without rotation (Ro — 00).
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Fig. 13. Vertical cross sections of temperature with streamlines in the I" = 1/2 cell at Pr =0.7 and Ra =9 x 10%: (a) Ro =2, (b) Ro =0.463,
(c) Ro=0.15, (d) Ro =0.08, (e) Ro =0.043 and (f) Ro = 0.036.
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by many other studies (see for example [31,32]. This phenomenon has been observed also in the present paper by
numerical simulations at Ra = 2 x 103, Pr = 0.7 over a wide range of Rossby numbers. In particular Fig. 12(a) shows
that the heat transfer is increased by about 15% in agreement with similar studies. Fig. 12(a), however, shows also that
as the Rossby number attains very small values (very high rotation rates) the Nusselt number decreases with respect
to its value without background rotation.

The reason for the heat transfer decrease can be understood when considering that according to the linear stability
analysis by Chandrasekar [13] the critical Rayleigh number for the onset of convection increases as Rac ~ Ta*/?
being Ta = 4£22h*/v? the Taylor number. From the definitions of Ra, Pr and Ro we have Ta = Ra/(PrRo?) and the
above stability relation can be written as

Ra ~ Pr*3 Ra'/3 Ro*/3. 2)
Rac
This implies that for fixed Rayleigh and Prandtl numbers, as the Rossby number decreases the ratio Ra/Rac decreases
as well and it can become too small to sustain the same flow regime as in absence of rotation.

Eq. (2) suggests also that for a given Ro the value of Ra/Rac decreases with Ra and for a given combination of
small Rayleigh and Rossby numbers the flow can become subcritical. This is exactly the case of Fig. 12(b) where
the flow has been computed at Ra = 9 x 10°; in this case a decrease of the Rossby number produces a continuous
decrease of the heat transfer up to a purely conductive value in which any flow motion is suppressed.

More in detail, the analysis of the flow time dependence shows a behaviour similar to that of Fig. 4(b) with the
Rossby number taking the role of the Rayleigh number, even if the curve of Fig. 12(b) shows some irregularities
presumably due to the changes in the mean flow structure produced by rotation (see Fig. 13). In particular, since for
increasing rotation rates the vertical velocity is progressively reduced, an initially turbulent-like flow becomes chaotic,
multi-periodic and steady. Finally at the highest rotation rates the flow suppression is complete and the Nusselt number
recovers the purely conductive value.

The above described scenario is confirmed by Figs. 13 where vertical sections of the mean flow are reported. It
is interesting to note that as the recirculation is slowed down by rotation effects the horizontal inhomogeneity of the
temperature field becomes less pronounced and, when the large scale roll is suppressed the temperature field attains
a conductive structure with only a vertical gradient and without horizontal temperature differences. The panels of
Fig. 13 are mainly intended to show how the mean flow structure and consequently the temperature field are modified
by the effects of rotation. Further details on the single velocity components can be obtained from the sections as in
Fig. 14 where the case of Fig. 13(d) is shown more in detail. Apart from the particular shape of the recirculation which
is essentially determined by the Rossby number the relevant difference between Fig. 14 and Figs. 7-11 is the peak
value of each velocity component that in the rotating case never exceeds the value 0.01U in contrast to the peaks of the
order of 0.3—0.5U for the non-rotating cases. The conditions of negligible residual motions and uniform horizontal
temperature is highly desirable in solidification processes where horizontal temperature gradients can cause residual
thermal stresses in the material and defects in the crystal growth [33].

4. Conclusions

Numerical simulations of the thermally driven flow at Ra < 10° have been employed to analyze the different
flow regimes developing from the onset of convection up to turbulence. This range of small Rayleigh numbers is
usually inaccessible to the nowadays experimental set-ups which are designed to cover the high Rayleigh number
regime [11,7]. The results have shown that since the onset of convection, occurring at Ra = 2.35 x 10*, a mean flow
develops consisting of a single recirculation completely filling the cell. For increasing Rayleigh numbers (respectively
Ra =4.5 x 10* at Pr=10.022 and Ra = 5.6 x 10° at Pr = 0.7) the flow becomes unsteady and as the Rayleigh
number is further increased multiple frequencies are introduced in the spectra of the velocity signals until the spectrum
becomes continuous thus indicating the onset of the turbulence. This occurs at Ra &~ 7.5 x 10* at Pr = 0.022 and
Ra = 10° at Pr = 0.7 consistently with the role of the Prandtl number.

A similar dynamics was observed by Verzicco and Camussi [23] for a cylindrical cell of aspectratio I" = 1 although
in that case the beginning of the unsteady regime was characterized by a single frequency in the spectra while in the
present slender cell multiple frequencies are observed since the beginning of the unsteady dynamics. A significant
difference between the two geometries is the dynamics of the mean flow that in the I” = 1 remains stable while in the
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Fig. 14. Contour lines of velocity components over a vertical cross section in the I" = 1/2 cell at Pr =0.7, Ra =9 x 10° and Ro = 0.08:
(a) azimuthal component, (b) radial component and (c) vertical component. Au = £0.001, ——- positive, - - - - negative values.
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Fig. 15. Time history of pointwise samples of vertical velocity. I" = 0.5, Ra = 6.43 x 10% and Pr=35, probe at x/h =0.25and r/h =0.2.

I' = 1/2 cell seems to switch direction from time to time. A closer look at the mean structure has revealed that the
velocity switches are in fact temporary break-up of the single elongated cell into two counter-rotating rolls that in a
short time disappear to reform a single cell with a different orientation with respect to the original one. This behaviour
is a clear indicator of the instability of the mean flow in the I" = 1/2 cell and this instability manifests itself at higher
Rayleigh number with a flow bi-modality as recently observed by Roche et al. [11]. Since this flow bi-modality has not
been observed in analogous experiments in water [12] it could be argued that the flow bi-modality might be related
to the Prandtl number. Indeed in a preliminary simulation performed at Pr = 5 and Ra = 6.43 x 10° (so that the
Reynolds number Re = +/Ra/Pr in the first of Eq. (1) was the same as that of Fig. 7(b)) no velocity switches are
observed (Fig. 15) thus indicating that the Prandtl number has a stabilizing effect on the mean flow. This aspect has
been investigated in detail in a separate study and the interested reader is referred to Stringano and Verzicco [29].
Finally the effects on the flow dynamics of a background rotation, aligned with the gravity vector, has been inves-
tigated. In agreement with previous studies [14,32,19] it has been observed a slight increase of the heat transfer. This
increase, however, is not a general feature but only occurs in a range of Rayleigh and Rossby numbers. It has been
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shown, in fact, that the stability relation by Chandrasekar [13] can be rewritten in terms of Ro and Ra/Rac showing
an explicit dependence in the Rayleigh number. Depending on Ra and Ro, therefore, the flow can be supercritical
Ra/Rac > 1 or subcritical Ra/Rac < 1 and the Nusselt number can even drop to the purely conductive value Nu = 1.
In the latter case, consistently with the Taylor—Proudman theorem, the rotation tends to inhibit the vertical motion
and therefore the convective flow. This suppresses any flow motion and generates a purely vertical temperature gradi-
ent. This condition is highly desirable in solidification and crystal growth processes where the presence of horizontal
temperature gradients induces material defects and crystal inhomogeneities.
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